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Find the area between each curve and the 𝒙-axis for the given interval and subinterval using left sum, right sum, and 
middle sum. 

1. 𝒚 = 𝒙𝟒  from 𝒙 = −𝟏 to 𝒙 = 𝟎, 𝐧 = 𝟖 

 

 

 

 

 

 

 

 

 

 

2. 𝒚 = 𝒙𝟐 + 𝟔𝒙 from 𝒙 = 𝟎 to 𝒙 = 𝟒, 𝐧 = 𝟖 

 

 

 

 

 

 

 

 

 

 

3. 𝒚 = 𝒙𝟐 − 𝒙 + 𝟏 from 𝒙 = 𝟎 to 𝒙 = 𝟑, 𝐧 = 𝟔 
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ANSWER 
Find the area between each curve and the 𝒙-axis for the given interval and subinterval using left sum, right sum, and 
middle sum. 

1. 𝒚 = 𝒙𝟒  from 𝒙 = −𝟏 to 𝒙 = 𝟎, 𝐧 = 𝟖 

 

𝚫𝒙 =
𝒃 − 𝒂

𝒏
 

𝚫𝒙 =
𝟎 − (−𝟏)

𝟖
 

𝚫𝒙 =
𝟏

𝟖
 

𝚫𝒙 =
𝟏

𝟖
 

 

A. LEFT SUM 

𝒙𝒏−𝟏 = 𝒂 + (𝒏 − 𝟏) ⋅ 𝚫𝒙 = −𝟏 + (𝒏 − 𝟏) (
𝟏

𝟖
) 

𝒙𝒏−𝟏 = −𝟏 +
𝒏 − 𝟏

𝟖
= −

𝟖

𝟖
+

𝒏 − 𝟏

𝟖
=

𝒏 − 𝟏 − 𝟖

𝟖
 

𝒙𝒏−𝟏 =
𝒏 − 𝟗

𝟖
 

𝒇(𝒙𝒏−𝟏) = 𝒇 (
𝒏 − 𝟗

𝟖
) = (

𝒏 − 𝟗

𝟖
)

𝟒

 

𝒇(𝒙𝒏−𝟏) = (
𝒏 − 𝟗

𝟖
)

𝟒

 

𝑨𝒏(𝒍𝒆𝒇𝒕 𝒔𝒖𝒎) = ∑ (
𝒃 − 𝒂

𝒏
) ⋅ 𝒇(𝒙𝒏−𝟏)

𝒏

𝒏=𝟏

 

𝑨𝟖(𝒍𝒆𝒇𝒕 𝒔𝒖𝒎) = ∑ (
𝟏

𝟖
) ⋅ (

𝒏 − 𝟗

𝟖
)

𝟒𝟖

𝒏=𝟏

 

𝑨𝟖(𝒍𝒆𝒇𝒕 𝒔𝒖𝒎) =
𝟏

𝟖
∑ (

𝒏 − 𝟗

𝟖
)

𝟒𝟖

𝒏=𝟏

=
𝟏

𝟖
(

𝟐𝟏𝟗𝟑

𝟏𝟎𝟐𝟒
) 

𝑨𝟖(𝒍𝒆𝒇𝒕 𝒔𝒖𝒎) =
𝟐𝟏𝟗𝟑

𝟖𝟏𝟗𝟐
= 𝟎. 𝟐𝟔𝟕𝟕 

 

B. RIGHT SUM 

𝒙𝒏 = 𝒂 + 𝒏 ⋅ 𝚫𝒙 = −𝟏 + 𝒏 (
𝟏

𝟖
) = −

𝟖

𝟖
+

𝒏

𝟖
 

𝒙𝒏 =
𝒏 − 𝟖

𝟖
 

 

𝒇(𝒙𝒏) = 𝒇 (
𝒏 − 𝟖

𝟖
) = (

𝒏 − 𝟖

𝟖
)

𝟒

 

𝒇(𝒙𝒏) = (
𝒏 − 𝟖

𝟖
)

𝟒

 

𝑨𝒏(𝐫𝐢𝐠𝐡𝐭 𝒔𝒖𝒎) = ∑ (
𝒃 − 𝒂

𝒏
) ⋅ 𝒇(𝒙𝒏)

𝒏

𝒏=𝟏

 

𝑨𝟖(𝐫𝐢𝐠𝐡𝐭 𝒔𝒖𝒎) = ∑ (
𝟏

𝟖
) ⋅ (

𝒏 − 𝟖

𝟖
)

𝟒𝟖

𝒏=𝟏

 

𝑨𝟖(𝐫𝐢𝐠𝐡𝐭 𝒔𝒖𝒎) =
𝟏

𝟖
∑ (

𝒏 − 𝟖

𝟖
)

𝟒𝟖

𝒏=𝟏

=
𝟏

𝟖
(

𝟏𝟏𝟔𝟗

𝟏𝟎𝟐𝟒
) 

𝑨𝟖(𝐫𝐢𝐠𝐡𝐭 𝒔𝒖𝒎) =
𝟏𝟏𝟔𝟗

𝟖𝟏𝟗𝟐
= 𝟎. 𝟏𝟒𝟐𝟕 
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C. MIDDLE SUM 

𝒙𝒏 + 𝒙𝒏−𝟏

𝟐
=

𝒏 − 𝟗
𝟖

+
𝒏 − 𝟖

𝟖
𝟐

=

𝒏 − 𝟗 + 𝒏 − 𝟖
𝟖
𝟐

 

𝒙𝒏 + 𝒙𝒏−𝟏

𝟐
=

𝟐𝒏 − 𝟏𝟕
𝟖
𝟐

=
𝟐𝒏 − 𝟏𝟕

𝟖
⋅

𝟏

𝟐
 

𝒙𝒏 + 𝒙𝒏−𝟏

𝟐
=

𝟐𝒏 − 𝟏𝟕

𝟏𝟔
 

 

𝒇 (
𝒙𝒏 + 𝒙𝒏−𝟏

𝟐
) = 𝒇 (

𝟐𝒏 − 𝟏𝟕

𝟏𝟔
) = (

𝟐𝒏 − 𝟏𝟕

𝟏𝟔
)

𝟒

 

𝒇 (
𝒙𝒏 + 𝒙𝒏−𝟏

𝟐
) = (

𝟐𝒏 − 𝟏𝟕

𝟏𝟔
)

𝟒

 

𝑨𝒏(𝒎𝒊𝒅𝒅𝒍𝒆 𝒔𝒖𝒎) = ∑ (
𝒃 − 𝒂

𝒏
) ⋅ 𝒇 (

𝒙𝒏 + 𝒙𝒏−𝟏

𝟐
)

𝒏

𝒏=𝟏

 

𝑨𝟖(𝒎𝒊𝒅𝒅𝒍𝒆 𝒔𝒖𝒎) = ∑ (
𝟏

𝟖
) ⋅ (

𝟐𝒏 − 𝟏𝟕

𝟏𝟔
)

𝟒𝟖

𝒏=𝟏

 

𝑨𝟖(𝒎𝒊𝒅𝒅𝒍𝒆 𝒔𝒖𝒎) =
𝟏

𝟖
∑ (

𝟐𝒏 − 𝟏𝟕

𝟏𝟔
)

𝟒𝟖

𝒏=𝟏

 

𝑨𝟖(𝒎𝒊𝒅𝒅𝒍𝒆 𝒔𝒖𝒎) =
𝟏

𝟖
(

𝟏𝟐𝟗𝟑𝟕

𝟖𝟏𝟗𝟐
) 

𝑨𝟖(𝒎𝒊𝒅𝒅𝒍𝒆 𝒔𝒖𝒎) =
𝟏𝟐𝟗𝟑𝟕

𝟔𝟓𝟓𝟑𝟔
= 𝟎. 𝟏𝟗𝟕𝟒 

 
 

2. 𝒚 = 𝒙𝟐 + 𝟔𝒙 from 𝒙 = 𝟎 to 𝒙 = 𝟒, 𝐧 = 𝟖 

 

𝚫𝒙 =
𝒃 − 𝒂

𝒏
 

𝚫𝒙 =
𝟒 − 𝟎

𝟖
 

𝚫𝒙 =
𝟒

𝟖
 

𝚫𝒙 =
𝟏

𝟐
 

 

A. LEFT SUM 

𝒙𝒏−𝟏 = 𝒂 + (𝒏 − 𝟏) ⋅ 𝚫𝒙 = 𝟎 + (𝒏 − 𝟏) (
𝟏

𝟐
) 

𝒙𝒏−𝟏 =
𝒏 − 𝟏

𝟐
 

𝒇(𝒙𝒏−𝟏) = 𝒇 (
𝒏 − 𝟏

𝟐
) = (

𝒏 − 𝟏

𝟐
)

𝟐

+ 𝟔 (
𝒏 − 𝟏

𝟐
) 

𝒇(𝒙𝒏−𝟏) = (
𝒏𝟐 − 𝟐𝒏 + 𝟏

𝟒
) + (

𝟔𝒏 − 𝟔

𝟐
) (

𝟐

𝟐
) 

𝒇(𝒙𝒏−𝟏) = (
𝒏𝟐 − 𝟐𝒏 + 𝟏

𝟒
) + (

𝟏𝟐𝒏 − 𝟏𝟐

𝟒
) 

𝒇(𝒙𝒏−𝟏) =
𝒏𝟐 + 𝟏𝟎𝒏 − 𝟏𝟏

𝟒
 

𝑨𝒏(𝒍𝒆𝒇𝒕 𝒔𝒖𝒎) = ∑ (
𝒃 − 𝒂

𝒏
) ⋅ 𝒇(𝒙𝒏−𝟏)

𝒏

𝒏=𝟏

 

𝑨𝟖(𝒍𝒆𝒇𝒕 𝒔𝒖𝒎) = ∑ (
𝟏

𝟐
) ⋅ (

𝒏𝟐 + 𝟏𝟎𝒏 − 𝟏𝟏

𝟒
)

𝟖

𝒏=𝟏

 

𝑨𝟖(𝒍𝒆𝒇𝒕 𝒔𝒖𝒎) =
𝟏

𝟖
∑(𝒏𝟐 + 𝟏𝟎𝒏 − 𝟏𝟏)

𝟖

𝒏=𝟏

=
𝟏

𝟖
(𝟒𝟕𝟔) 

𝑨𝟖(𝒍𝒆𝒇𝒕 𝒔𝒖𝒎) =
𝟏𝟏𝟗

𝟐
= 𝟓𝟗. 𝟓 
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B. RIGHT SUM 

𝒙𝒏 = 𝒂 + 𝒏 ⋅ 𝚫𝒙 = 𝟎 + 𝒏 (
𝟏

𝟐
) = 𝒙𝒏 =

𝒏

𝟐
 

 

𝒇(𝒙𝒏) = 𝒇 (
𝒏

𝟐
) = (

𝒏

𝟐
)

𝟐

+ 𝟔 (
𝒏

𝟐
) 

𝒇(𝒙𝒏) =
𝒏𝟐

𝟒
+

𝟔𝒏

𝟐
=

𝒏𝟐

𝟒
+

𝟏𝟐𝒏

𝟒
 

𝒇(𝒙𝒏) =
𝒏𝟐 + 𝟏𝟐𝒏

𝟒
 

𝑨𝒏(𝐫𝐢𝐠𝐡𝐭 𝒔𝒖𝒎) = ∑ (
𝒃 − 𝒂

𝒏
) ⋅ 𝒇(𝒙𝒏)

𝒏

𝒏=𝟏

 

𝑨𝟖(𝐫𝐢𝐠𝐡𝐭 𝒔𝒖𝒎) = ∑ (
𝟏

𝟐
) ⋅ (

𝒏𝟐 + 𝟏𝟐𝒏

𝟒
)

𝟖

𝒏=𝟏

 

𝑨𝟖(𝐫𝐢𝐠𝐡𝐭 𝒔𝒖𝒎) =
𝟏

𝟖
∑(𝒏𝟐 + 𝟏𝟐𝒏)

𝟖

𝒏=𝟏

=
𝟏

𝟖
(𝟔𝟑𝟔) 

𝑨𝟖(𝐫𝐢𝐠𝐡𝐭 𝒔𝒖𝒎) =
𝟏𝟓𝟗

𝟐
= 𝟕𝟗. 𝟓 

 

C. MIDDLE SUM 

𝒙𝒏 + 𝒙𝒏−𝟏

𝟐
=

𝒏 − 𝟏
𝟐 +

𝒏
𝟐

𝟐
=

𝒏 − 𝟏 + 𝒏
𝟐
𝟐

 

𝒙𝒏 + 𝒙𝒏−𝟏

𝟐
=

𝟐𝒏 − 𝟏
𝟐
𝟐

=
𝟐𝒏 − 𝟏

𝟐
⋅

𝟏

𝟐
 

𝒙𝒏 + 𝒙𝒏−𝟏

𝟐
=

𝟐𝒏 − 𝟏

𝟒
 

 

𝒇 (
𝒙𝒏 + 𝒙𝒏−𝟏

𝟐
) = 𝒇 (

𝟐𝒏 − 𝟏

𝟒
) 

𝒇 (
𝒙𝒏 + 𝒙𝒏−𝟏

𝟐
) = (

𝟐𝒏 − 𝟏

𝟒
)

𝟐

+ 𝟔 (
𝟐𝒏 − 𝟏

𝟒
) 

𝒇 (
𝒙𝒏 + 𝒙𝒏−𝟏

𝟐
) = (

𝟒𝒏𝟐 − 𝟒𝒏 + 𝟏

𝟏𝟔
) + (

𝟏𝟐𝒏 − 𝟔

𝟒
) 

𝒇 (
𝒙𝒏 + 𝒙𝒏−𝟏

𝟐
) = (

𝟒𝒏𝟐 − 𝟒𝒏 + 𝟏

𝟏𝟔
) + (

𝟒𝟖𝒏 − 𝟐𝟒

𝟒
) 

𝒇 (
𝒙𝒏 + 𝒙𝒏−𝟏

𝟐
) =

𝟒𝒏𝟐 + 𝟒𝟒𝒏 − 𝟐𝟑

𝟏𝟔
 

𝑨𝒏(𝒎𝒊𝒅𝒅𝒍𝒆 𝒔𝒖𝒎) = ∑ (
𝒃 − 𝒂

𝒏
) ⋅ 𝒇 (

𝒙𝒏 + 𝒙𝒏−𝟏

𝟐
)

𝒏

𝒏=𝟏

 

𝑨𝟖(𝒎𝒊𝒅𝒅𝒍𝒆 𝒔𝒖𝒎) = ∑ (
𝟏

𝟐
) ⋅ (

𝟒𝒏𝟐 + 𝟒𝟒𝒏 − 𝟐𝟑

𝟏𝟔
)

𝟖

𝒏=𝟏

 

𝑨𝟖(𝒎𝒊𝒅𝒅𝒍𝒆 𝒔𝒖𝒎) =
𝟏

𝟑𝟐
∑(𝟒𝒏𝟐 + 𝟒𝟒𝒏 − 𝟐𝟑)

𝟖

𝒏=𝟏

 

𝑨𝟖(𝒎𝒊𝒅𝒅𝒍𝒆 𝒔𝒖𝒎) =
𝟏

𝟑𝟐
(𝟐𝟐𝟏𝟔)  

𝑨𝟖(𝒎𝒊𝒅𝒅𝒍𝒆 𝒔𝒖𝒎) =
𝟐𝟕𝟕

𝟒
= 𝟔𝟗. 𝟐𝟓 
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3. 𝒚 = 𝒙𝟐 − 𝒙 + 𝟏 from 𝒙 = 𝟎 to 𝒙 = 𝟑, 𝐧 = 𝟔 

 

𝚫𝒙 =
𝒃 − 𝒂

𝒏
 

𝚫𝒙 =
𝟑 − 𝟎

𝟔
 

𝚫𝒙 =
𝟑

𝟔
 

𝚫𝒙 =
𝟏

𝟐
 

 

A. LEFT SUM 

𝒙𝒏−𝟏 = 𝒂 + (𝒏 − 𝟏) ⋅ 𝚫𝒙 = 𝟎 + (𝒏 − 𝟏) (
𝟏

𝟐
) 

𝒙𝒏−𝟏 =
𝒏 − 𝟏

𝟐
 

𝒇(𝒙𝒏−𝟏) = 𝒇 (
𝒏 − 𝟏

𝟐
) = (

𝒏 − 𝟏

𝟐
)

𝟐

− (
𝒏 − 𝟏

𝟐
) + 𝟏 

𝒇(𝒙𝒏−𝟏) = (
𝒏𝟐 − 𝟐𝒏 + 𝟏

𝟒
) − (

𝒏 − 𝟏

𝟐
)(

𝟐

𝟐
) + 𝟏 (

𝟒

𝟒
) 

𝒇(𝒙𝒏−𝟏) = (
𝒏𝟐 − 𝟐𝒏 + 𝟏

𝟒
) + (

−𝟐𝒏 + 𝟐

𝟒
) + (

𝟒

𝟒
) 

𝒇(𝒙𝒏−𝟏) =
𝒏𝟐 − 𝟒𝒏 + 𝟕

𝟒
 

𝑨𝒏(𝒍𝒆𝒇𝒕 𝒔𝒖𝒎) = ∑ (
𝒃 − 𝒂

𝒏
) ⋅ 𝒇(𝒙𝒏−𝟏)

𝒏

𝒏=𝟏

 

𝑨𝟔(𝒍𝒆𝒇𝒕 𝒔𝒖𝒎) = ∑ (
𝟏

𝟐
) ⋅ (

𝒏𝟐 − 𝟒𝒏 + 𝟕

𝟒
)

𝟔

𝒏=𝟏

 

𝑨𝟔(𝒍𝒆𝒇𝒕 𝒔𝒖𝒎) =
𝟏

𝟖
∑(𝒏𝟐 − 𝟒𝒏 + 𝟕)

𝟔

𝒏=𝟏

=
𝟏

𝟖
(𝟒𝟗) 

𝑨𝟔(𝒍𝒆𝒇𝒕 𝒔𝒖𝒎) =
𝟒𝟗

𝟖
= 𝟔. 𝟏𝟐𝟓 

 

B. RIGHT SUM 

𝒙𝒏 = 𝒂 + 𝒏 ⋅ 𝚫𝒙 = 𝟎 + 𝒏 (
𝟏

𝟐
) =

𝒏

𝟐
 

𝒙𝒏 =
𝒏

𝟐
 

𝒇(𝒙𝒏) = 𝒇 (
𝒏

𝟐
) = (

𝒏

𝟐
)

𝟐

− (
𝒏

𝟐
) + 𝟏 

𝒇(𝒙𝒏) = 𝒇 (
𝒏

𝟐
) =

𝒏𝟐

𝟒
− (

𝟐𝒏

𝟒
) +

𝟒

𝟒
 

𝒇(𝒙𝒏) =
𝒏𝟐 − 𝟐𝒏 + 𝟒

𝟒
 

𝑨𝒏(𝐫𝐢𝐠𝐡𝐭 𝒔𝒖𝒎) = ∑ (
𝒃 − 𝒂

𝒏
) ⋅ 𝒇(𝒙𝒏)

𝒏

𝒏=𝟏

 

𝑨𝟔(𝐫𝐢𝐠𝐡𝐭 𝒔𝒖𝒎) = ∑ (
𝟏

𝟐
) ⋅ (

𝒏𝟐 − 𝟐𝒏 + 𝟒

𝟒
)

𝟔

𝒏=𝟏

 

𝑨𝟔(𝐫𝐢𝐠𝐡𝐭 𝒔𝒖𝒎) =
𝟏

𝟖
∑(𝒏𝟐 − 𝟐𝒏 + 𝟒)

𝟔

𝒏=𝟏

=
𝟏

𝟖
(𝟕𝟑) 

𝑨𝟔(𝐫𝐢𝐠𝐡𝐭 𝒔𝒖𝒎) =
𝟕𝟑

𝟖
= 𝟗. 𝟏𝟐𝟓 
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𝒙𝒏 + 𝒙𝒏−𝟏

𝟐
=

𝒏 − 𝟏
𝟐

+
𝒏
𝟐

𝟐
=

𝒏 − 𝟏 + 𝒏
𝟐
𝟐

 

𝒙𝒏 + 𝒙𝒏−𝟏

𝟐
=

𝟐𝒏 − 𝟏
𝟐
𝟐

=
𝟐𝒏 − 𝟏

𝟐
⋅

𝟏

𝟐
 

𝒙𝒏 + 𝒙𝒏−𝟏

𝟐
=

𝟐𝒏 − 𝟏

𝟒
 

 

𝒇 (
𝒙𝒏 + 𝒙𝒏−𝟏

𝟐
) = 𝒇 (

𝟐𝒏 − 𝟏

𝟒
) 

𝒇 (
𝒙𝒏 + 𝒙𝒏−𝟏

𝟐
) = (

𝟐𝒏 − 𝟏

𝟒
)

𝟐

− (
𝟐𝒏 − 𝟏

𝟒
) + 𝟏 

𝒇 (
𝒙𝒏 + 𝒙𝒏−𝟏

𝟐
) = (

𝟒𝒏𝟐 − 𝟒𝒏 + 𝟏

𝟏𝟔
) + (

−𝟖𝒏 + 𝟒

𝟏𝟔
)

+
𝟏𝟔

𝟏𝟔
 

𝒇 (
𝒙𝒏 + 𝒙𝒏−𝟏

𝟐
) =

𝟒𝒏𝟐 − 𝟏𝟐𝒏 + 𝟐𝟏

𝟏𝟔
 

𝑨𝒏(𝒎𝒊𝒅𝒅𝒍𝒆 𝒔𝒖𝒎) = ∑ (
𝒃 − 𝒂

𝒏
) ⋅ 𝒇 (

𝒙𝒏 + 𝒙𝒏−𝟏

𝟐
)

𝒏

𝒏=𝟏

 

𝑨𝟔(𝒎𝒊𝒅𝒅𝒍𝒆 𝒔𝒖𝒎) = ∑ (
𝟏

𝟐
) ⋅ (

𝟒𝒏𝟐 − 𝟏𝟐𝒏 + 𝟐𝟏

𝟏𝟔
)

𝟔

𝒏=𝟏

 

𝑨𝟔(𝒎𝒊𝒅𝒅𝒍𝒆 𝒔𝒖𝒎) =
𝟏

𝟑𝟐
∑(𝟒𝒏𝟐 − 𝟏𝟐𝒏 + 𝟐𝟏)

𝟔

𝒏=𝟏

 

𝑨𝟔(𝒎𝒊𝒅𝒅𝒍𝒆 𝒔𝒖𝒎) =
𝟏

𝟑𝟐
(𝟐𝟑𝟖)  

𝑨𝟔(𝒎𝒊𝒅𝒅𝒍𝒆 𝒔𝒖𝒎) =
𝟏𝟏𝟗

𝟏𝟔
= 𝟕. 𝟒𝟑𝟕𝟓 

 
 
 
 


