
Rational Functions and their Graphs

Unit 9 Lesson 3



RATIONAL FUNCTIONS AND THEIR GRAPHS

Students will be able to:
find the roots of numbers and simplify radical expressions using 
roots and properties of radical expressions.

Key Vocabulary

• Rational Expression 
• Rational Function
• Vertical Asymptote
• Horizontal Asymptote
• Point of Discontinuity
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Rational Expression is the quotient of two polynomials.
𝑝 𝑥

𝑞 𝑥

Rational Expression is defined by a rational expression. It has 
an equation in the form of: 

𝑓 𝑥 =
𝑝 𝑥

𝑞(𝑥)
, where 𝑞(𝑥) ≠ 0.

Simplest form:

𝑓 𝑥 =
𝑎𝑥−𝑏

𝑐𝑥−𝑑
, where 𝑎, 𝑏, and 𝑐 are constants. 



Domain of a Rational Function

is the set of all real numbers except those real numbers that make 
the denominator equal to zero.

Examples: 
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𝒇 𝒙 =
𝒙

𝒙 + 𝟑

Domain is all real 
numbers except 𝒙 ≠ −𝟑

𝒈 𝒙 =
𝟓

𝒙 − 𝟔

Domain is all real 
numbers except 𝒙 ≠ 𝟔

𝒉 𝒙 =
𝒙 + 𝟒

𝒙 − 𝟏 𝒙 + 𝟒

Domain is all real 
numbers except 𝒙 ≠ 𝟏
and 𝒙 ≠ −𝟒



Find the domain of 𝒈 𝒙 =
𝒙𝟐−𝟕𝒙+𝟏𝟐

𝒙𝟐+𝟗𝒙+𝟐𝟎
.

Find the values of 𝒙 for which the denominator, 𝒙𝟐 + 𝟗𝒙 +
𝟐𝟎, equals to 𝟎.

𝒙𝟐 + 𝟗𝒙 + 𝟐𝟎 = 𝟎
𝒙 + 𝟒 𝒙 + 𝟓 = 𝟎

𝒙 = −𝟒 or 𝒙 = −𝟓

The domain is all real numbers except 𝒙 = −𝟒 and 𝒙 = −𝟓.

Sample Problem 1:
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𝒙 = −𝟒 𝒙 = −𝟓
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Restrictions on the domain are described by the 
following definitions:

Discontinuous – a break in the line or curve on a graph

Point of Discontinuity – the point at 𝒙 = 𝒄 where the 
function is undefined (point where the denominator = 0). 
It is like a hole in the graph at 𝒙 = 𝒄.

Asymptote – the line that the graph of the function 
approaches but never touches or crosses.



Vertical Asymptote

If the rational expression of a function is written in simplest form, 

𝒇 𝒙 =
𝒂𝒙−𝒃

𝒄𝒙−𝒅
, and the function is undefined for 𝒙 =

𝒅

𝒄
, then 𝒙 =

𝒅

𝒄

is a vertical asymptote.

Example: 

For 𝒙 =
𝒙

𝒙−𝟑
, 𝒙 = 𝟑 is a vertical asymptote.
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Vertical Asymptote

Graph of 𝒇 𝒙 =
𝒙

𝒙−𝟑
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Horizontal Asymptote 

If the degree of 𝒑 𝒙 is less that the degree of 𝒒(𝒙), then 
is the equation of the horizontal asymptote of the graph of 𝒇(𝒙).

𝒇 𝒙 =
𝒑 𝒙

𝒒 𝒙
=

𝒃

𝒄𝒙 − 𝒅
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𝒚 = 𝟎



Examples: 

RATIONAL FUNCTIONS AND THEIR GRAPHS

𝒇 𝒙 =
𝟓

𝒙 − 𝟕

horizontal 
asymptote:

𝒚 = 𝟎

𝒈 𝒙 =
𝟑𝒙 − 𝟏

𝟒𝒙𝟐 − 𝟗

horizontal
asymptote:

𝒚 = 𝟎

𝒉 𝒙 =
𝟓𝒙𝟐 − 𝟑𝒙

𝒙𝟑 − 𝟖𝒙𝟐 + 𝟏𝟔𝒙

horizontal 
asymptote:

𝒚 = 𝟎



𝒚 =
𝒂

𝒄

Horizontal Asymptote

If the degree of 𝒑 𝒙 is equal to the degree of 𝒒(𝒙), and 𝒂 and 𝒄 are 
leading coefficients of 𝒑 𝒙 and 𝒒 𝒙 , respectively, then                

is the equation of the horizontal asymptote of the graph of 𝒇(𝒙).

𝒇 𝒙 =
𝒑 𝒙

𝒒 𝒙
=
𝒂𝒙 − 𝒃

𝒄𝒙 − 𝒅
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Examples: 

RATIONAL FUNCTIONS AND THEIR GRAPHS

𝒇 𝒙 =
𝒙 + 𝟐

𝒙 − 𝟐

horizontal 
asymptote:

𝒚 =
𝒂

𝒄
=
𝟏

𝟏
= 𝒚 = 𝟏

𝒈 𝒙 =
𝟐𝒙𝟐 − 𝟓

𝒙𝟐 − 𝟕𝒙 + 𝟏𝟐

horizontal 
asymptote:

𝒚 =
𝒂

𝒄
=
𝟐

𝟏
= 𝒚 = 𝟐

𝒉 𝒙 =
𝟔𝒙𝟑 + 𝟑𝒙𝟐

𝒙𝟑 + 𝟐𝒙 − 𝟑𝒙

horizontal 
asymptote:

𝒚 =
𝒂

𝒄
=
𝟔

𝟏
= 𝒚 = 𝟔𝒚 = 𝟏 𝒚 = 𝟐 𝒚 = 𝟔



no horizontal asymptote 

RATIONAL FUNCTIONS AND THEIR GRAPHS

Horizontal Asymptote

If the degree of 𝒑 𝒙 is less that the degree of 𝒒(𝒙), then the graph 
of 𝑓 𝑥 has 

𝒇 𝒙 =
𝒑 𝒙

𝒒 𝒙
=

𝒂𝒙𝟐−𝒃

𝒄𝒙−𝒅

Examples: 

𝒇 𝒙 =
𝒙+𝟗

𝟓

No horizontal 
asymptote

𝒈 𝒙 =
𝒙𝟐+𝟗

𝒙−𝟑

No horizontal 
asymptote

𝒉 𝒙 =
𝒙𝟑−𝟐𝟕

𝟐𝒙+𝟏

No horizontal 
asymptote



Point of Discontinuity

If 𝒙 − 𝒃 is a factor of both the numerator and the denominator of a
rational function, then there is a point of discontinuity in the graph 
of the function when 𝒙 = 𝒃, unless 𝒙 − 𝒃 is a vertical asymptote.

Examples: 
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𝒇 𝒙 =
𝒙𝟐 − 𝟗

𝒙 − 𝟑

𝒇 𝒙 =
𝒙 − 𝟑 𝒙 + 𝟑

𝒙 − 𝟑

point of discontinuity:
𝒙 = 𝟑

𝒈 𝒙 =
𝒙 − 𝟏

𝒙𝟐 + 𝟒𝒙 − 𝟓

𝒈 𝒙 =
𝒙 − 𝟏

𝒙 − 𝟏 𝒙 + 𝟓

point of discontinuity:
𝒙 = 𝟏

𝒉 𝒙 =
𝒙 + 𝟑

𝒙𝟐 + 𝟕𝒙 + 𝟏𝟐

𝒉 𝒙 =
𝒙 + 𝟑

𝒙 + 𝟑 𝒙 + 𝟒

point of discontinuity:
𝒙 = −𝟑𝒙 = −𝟑𝒙 = 𝟑 𝒙 = 𝟏



Identify all asymptotes and holes in the graph of the rational 
function:

𝑦 =
𝟑 − 𝟐𝒙 − 𝒙𝟐

𝒙𝟐 + 𝒙 − 𝟐
=
−(𝒙𝟐 + 𝟐𝒙 − 𝟑)

𝒙𝟐 + 𝒙 − 𝟐
=
− 𝒙 + 𝟑 𝒙 − 𝟏

𝒙 − 𝟏 𝒙 + 𝟐

𝒚 = −
𝒙 + 𝟑

𝒙 + 𝟐

Point of Discontinuity : 𝒙 = 𝟏

Vertical Asymptote : 𝒙 = −𝟐

Horizontal Asymptote : 𝒚 = −
𝟏

𝟏
⇒ 𝒚 = −𝟏

Sample Problem 2:
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𝒙 = 𝟏

𝒙 = −𝟐

𝒚 = −𝟏


